Abstract. Hardy-type inequalities with an additional term are proved for compactly supported smooth functions on open convex sets in the Euclidean space. We obtain one-dimensional Lp-inequalities and their multidimensional analogs on arbitrary domains, on regular sets, on domains with θ-cone condition and on convex domains. We use Bessel's function and the Lamb constant.
Introduction
Let Ω be an open, connected set in R n . By C 1 0 (Ω) denote the family of continuously differentiable functions f : Ω → R with compact supports lying in Ω and denote by δ(x) the distance from a point x ∈ Ω to the boundary ∂Ω of Ω, i.e. δ = δ(x) = dist(x, ∂Ω). It is know that for all convex bounded domains Ω in R n and for all f ∈ C 1 0 (Ω) the following inequalities (1)
is valid (see for example [15] , [21] and [22] ). The constant 1/4 in (1) is sharp for any convex subdomain of R n . This inequality have been generalized and modified in many different ways (see for example [3] , [9] - [13] , [18] - [23] and [24] ). We especially want to highlight a remarkable book by Alexander A. Balinsky, W. Desmond Evans and Roger T. Lewis "The Analysis and Geometry of Hardy's Inequality", which collected the most beautiful results on inequalities of Hardy type.
In 1997-1998 H. Brezis and M. Marcus [14] get the Hardy type inequality in a convex bounded domain Ω with an additional term, namely, ∫ H. Brezis and M. Marcus have asked whether the diameter of Ω, in the last inequality can be replaced by an expression depending on the volume |Ω| := V ol(Ω) (see [14] ). This question was recently answered in [20] . Namely, M. HoffmannOstenhof, T. Hoffmann-Ostenhof and A. Laptev in [20] proved that for all f ∈ H 1 0 (Ω) the following Hardy type inequality
holds, where |S n−1 | is the surface area of the unit sphere S n−1 in the Euclidean space R n , |Ω| is the volume of the set Ω and [17] improved the constant in the additional term of (2) . Indeed, they obtained that
W.D. Evans and Roger T. Lewis in
See also [13] . In 2004 J. Tidblom [24] proved the following inequality for functions f from the corresponding Sobolev space:
where p > 1, Ω is a convex domain in R n (n ≥ 2), |S n−1 | is the surface area of the unit sphere S n−1 in the Euclidean space R n , |Ω| is the volume of the set Ω, Γ is the gamma function of Euler and
Note that the inequality (3) is an extension of the inequality (2) for p = 2 in the case of arbitrary p > 1. Note also that the constants in the additional term of the above inequalities depend on the diameter or the volume of a domain. In [4] , [9] , [10] and [18] the authors proved inequalities connected with the inradius δ 0 (Ω) defined as
where δ(x) = dist(x, ∂Ω) is the distance function to the boundary of domain. Denote by J ν the Bessel function:
Following [9] and [10] we shall call Lamb'constant the first positive root z = λ ν (2(s − 1)/q) of the equation
where ν ≥ 0, s and q are fixed parameters. For example, in 2011 F.G. Avkhadiev and K.-J. Wirths [10] proved the following inequality with the sharp constants:
Assume that s ∈ (1, +∞), q ∈ (0, +∞) and ν ∈ 
is the Lamb constant. The inequality (5) is a bridge between Hardy's inequality of the classical form and sharp estimates of the first eigenvalue λ 1 (Ω) of the Laplacian under the Dirichlet boundary condition for n-dimensional convex domains Ω (for details, see [10] and references therein).
The aim of this article is to prove an analogue of inequality (5) with Lamb's constants for the case p ≥ 2. Let us note that in a number of papers ( [4] , [5] , [7] ) the authors proved L p -inequalities.
Namely, here we shall consider Hardy type inequalities of the form
where by c s (Ω) and µ s we denote the best constant in this inequality.
It is know that if s > n for an arbitrary open sets
This was proved by F.G. Avkhadiev in [5] . In [17] , for convex domains Ω ⊂ R n W.D. Evans and Roger T. Lewis obtained that
Note that the last constants depend on the diameter and the volume of Ω.
F.G. Avkhadiev and I.K. Shafigullin (see [8] ) proved that if Ω is a convex domain then the sharp constant 
In the case p = 2, the following are special cases of our results. Let Ω be a convex
This paper is organized as follows. In the first part we obtain one-dimensional inequalities. The second section devoted to inequalities in the multidimensional case. We consider inequalities on arbitrary domains, on regular sets, on domains with θ-cone condition and on convex domains.
One-dimensional inequalities
Suppose that q ∈ (0, ∞), s ∈ (1, ∞) and ν ≥ 0. Consider the function F ν,s,q defined by
It can easily be checked that
is the first positive root of the equation (4).
Further, the function y = F ν,s,q (x) is a solution of the differential equation
Using the expansion for the Bessel function it is not hard to prove that
(see [9] - [11] for more information).
For an absolutely continuous function f : [0, 1] → R with property f (0) = 0 and |f
Using the last estimate and (7) we get
Proof. Without loss of generality it can be assumed that f is a positive and nondecreasing function. Indeed, if
where
, and the following inequality
Clearly,
Integrating by parts one easily obtains
Using the asymptotic behavior (8) and the differential equation (6) we get
Consequently,
Applying the elementary inequality (see [19] )
to the quantities
This complete the proof of Lemma 1.
Proof. By the change x = ρt of variables for any constant ρ > 0 the inequality of Lemma 1 implies that
Now apply the last inequality to functions u(t) = f (t + a) and u(t)
Summing (11) and (12), we get (10). This complete the proof of Theorem 1. (Ω) be the family of continuously differentiable functions f : Ω → R with compact supports lying in Ω. By S n−1 denote the unit sphere in R n . For each x ∈ Ω and ν ∈ S n−1 define
The volume of Ω x is denoted by |Ω x |. Clearly, Ω x ⊂ Ω. In [16] , Davies introduced the mean distance function ρ(x) is defined by
where dω(ν) is the normalized measure on S n−1 , i.e.
For general s ∈ (1, ∞), there is the analogue (see [13] , [17] , [24] )
The main result of this section is the following assertion.
Theorem 2.
Let Ω be a domain in R n and let λ ν (2(s−1)/q) be the Lamb constant.
Proof. By Theorem 1 we obtain
where ∂ ν f, ν ∈ S n−1 , denote the derivative of f in the direction of ν and (a ν , b ν ) is the interval of intersection of Ω with the ray in the direction ν.
Integrating both sides of the last inequality with respect to the normalized surface measure dω(ν) on S n−1 , we get ∫
(see [17] , [24] for more information). In his paper [24] , J. Tidblom proved that (13)
Let us consider 4 cases.
Case 1: s − p ≥ 0 and s − q ≤ 0. In this case, using (13) and the following inequalities
and (13) it follows that
Case 3: s − p < 0 and s − q ≤ 0. Combining (13) and the following inequalities
Case 4: s − p < 0 and s − q > 0. In the last case, since
This complete the proof of theorem 2.
3.2. Inequalities on regular sets. Recall that
where dω(ν) is the normalized measure on S n−1 . We say that a domain Ω ⊂ R n is regular if there exists a finite constant m(Ω) > 0 such that
We shall call m(Ω) a regularity constant for the domain Ω (see [16] , [25] for information).
In [16] , [25] sufficient conditions for regularity are obtained. For example, E.B. Davies [16] In [25] , A.M. Tukhvatullina proved a sufficient condition of regularity for multidimensional domains in R n , n ≥ 2. Some examples of regular domains were considered in [25] . In particular, annuli with radii R 1 and R 2 , when R 2 ≥ R 1 /5, and balls with removed spherical sector are examples of regular domains.
Let us remember that |S n−1 | is the surface area of the unit sphere S n−1 , |Ω| is the volume of the set Ω, D(Ω) is the diameter of Ω,
The following theorem holds. 
Proof. Since the function f (t) = t s/2 is convex when s ≥ 2 and t > 0, we can use Jensen's inequality to get
Consequently, for regular domains we have
It is obvious that |Ω x | ≤ |Ω|. Therefore, the inequalities in the statement of the theorem follow from theorem 2. Example 1. Let Ω 0 be concentric circles with radii R 1 and R 2 , when R 2 ≥ R 1 /5. It is proved in [25] 
Example 2.
Let Ω 1 be a ball with removed spherical sector. Let R be radius of the ball. Consider the cone that correspond to the removed spherical sector. By α denote the cone angle, i.e., the angle between the rim of the cap and the direction to the middle of the cap as seen from the sphere center. In [25] it was shown that
Above we use that |S 2 | = 4π and |Ω 1 | = 3.3. Domains with θ-cone condition. The boundary ∂Ω is said a θ-cone condition if every x ∈ ∂Ω is the vertex of circular cone C x of semi angle θ which lies entirely in R n \ Ω (see [13] ). Assume that |S n−1 | is the surface area of the unit sphere S n−1 , |Ω| is the volume of the set Ω,
The following theorems holds. 
Proof. By h(α) denote the solid angle subtended at the origin by a ball of radius α < 1, whose centre is at a distance 1 from the origin. If ∂Ω satisfies a θ-cone condition, then for all
For more information we refer to the book [13] , p. 86. Using the last estimates and theorem 2, we get the inequalities in the statement of the theorem.
3.4. Inequalities in convex sets. Let Ω be convex domain. It is know that for convex domains
Moreover, for the case of convex domains |Ω x | = |Ω|.Taking into account theorem 2 we obtain the following theorem.
Theorem 5.
Let Ω be a convex domain in R n and let λ ν (2(s − 1)/q) be the Lamb 
where c p =
Let now we compare the constant in the last inequality with the constant in (3). More precisely, we shall show that Consequently, the constant in the inequality of corollary 1 large than the constant in (3).
3.5. Sharpness of the constant. Note that the both constants in the inequality of Lemma 1 are sharp, when ν ≥ 0 and p = 2 (see [10] for more information). At the same time, we do not know about sharpness of constants in the case p > 2.
In the following assertion we shall prove that the constant ((s − 1) 
